Let k = F q (t) be the rational function field with finite constant field and characteristic p ≥ 3, and let K/k be a finite separable extension. For a fixed place v of k and an elliptic curve E/K which has ordinary reduction at all places of K extending v, we consider a canonical height pairing , v :
Introduction
Our goal in this paper is to construct and investigate canonical heights on elliptic curves defined over global function fields in characteristic p. These heights will take values in the completions of the function field and serve as analogues of both the classical Néron-Tate height and also analytic p-adic heights on elliptic curves over number fields, cf. [3, 8, 10, 13, 14] .
Except in Sections 3 and 4, we maintain the following notation throughout the paper. We take p to be an odd prime; F q the finite field with q = p n elements; k the rational function field F q (t); and A the polynomial ring F q [t] . The valuations of the field k corresponding to maximal ideals of A are called finite places; the unique remaining place is the infinite place, denoted ∞, with ord ∞ = − deg, where deg is the degree map on polynomials extended to rational functions.
We let K/k denote a global function field, i.e., a finite separable field extension of k, and we let O be the integral closure of A in K. For a place w of K, we let K w denote the completion at w; O w its valuation ring; F w its residue field; and C w the completion of an algebraic closure of K w . Furthermore, U 1 (K w ) and U 1 (C w ) are the groups of 1-units. A place of K is either finite or infinite depending on the place it extends from k. Finally, for any field F , we let F sep be a separable closure and F an algebraic closure.
For a fixed place v of k, we consider an elliptic curve E/K which has ordinary reduction at all places of K extending v. That is, the formal group of each reduced curve has height 1. In Section 5 we define a Galois equivariant quadratic form
which equivalently induces a symmetric bilinear pairing,
We construct H v as a product of local factors. At the places not dividing v, these local factors are derived from intersection multiplicities on the Néron model for E/K, and at the places above v, the local heights are defined using the Mazur-Tate sigma function [9] . It should be noted that these constructions contain differences depending on whether v is a finite or infinite place of k. We find in Section 6 that for v = ∞, the resulting ∞-adic height extends the Néron-Tate height. Indeed we find for all P ∈ E(K sep ) that deg( H ∞ (P )) = 2ĥ NT (P ).
If v is a finite place, the v-adic height takes values in U 1 (C v ). In Sections 7 and 8 we investigate the non-degeneracy of these height functions. Just as for p-adic heights for elliptic curves defined over number fields, the non-degeneracy of the v-adic height is related to the non-existence of universal norms coming from the so-called Carlitz cyclotomic tower of K (see [11, 12] ).
The assumption that p is odd is not necessary, but for the purposes of length we have disregarded the case where p = 2. Moreover, the flavor of the results are identical [12] .
Finally, it is important to remark that the canonical heights discussed in this paper are effectively computable, and in Section 9 we discuss an explicit example.
Elliptic curves over global function fields
Fixing a field K/k which is the function field of a smooth curve X/F q , we let E/K be an elliptic curve defined over K and take E/X to be a Néron model for E/K with identity component E 0 /X. Using the intersection multiplicities of sections on E, it is possible to construct the classical Néron-Tate canonical height pairing,
which is symmetric and bilinear and when restricted to E(K) is non-degenerate modulo torsion [16] . Equivalently, we can construct the associated quadratic formĥ NT , which we define so thatĥ NT (P ) = 1 2 P, P NT . We note that here the Néron-Tate height is normalized to take values which are independent of the chosen field of definition.
As is well known, the Néron-Tate height can be computed as a sum of local heights (see [7, 16] ). We fix a Weierstrass equation for E,
For a place w of K, we let E 0 (K w ) ⊂ E(K w ) denote the subgroup of points whose reduction is non-singular at w, i.e., the points whose sections meet E 0 on the fiber above w. There is a local height function, λ w : E 0 (K w ) → Z, defined so that for P ∈ E 0 (X) ⊂ E(K), the Néron-Tate height is obtained by the formulâ
If P ∈ E 0 (X) and (2.1) is minimal at w, then λ w (P ) = max{− ord w (x(P )), 0}.
The Mazur-Tate sigma function
Here we review some facts about the Mazur-Tate sigma function as defined in [9] . This function, defined on the formal group of an elliptic curve over a local field, is a natural non-archimedean analogue of the classical Weierstrass sigma function, and similar to the classical sigma function, it provides an analytic local height function on an elliptic curve. For more details on its connection with p-adic heights for elliptic curves over number fields see [10] . There is also an analogue of the Weierstrass zeta function, defined by Voloch [19] , which is also of interest here.
Throughout this section and the next we diverge from the previous notation and maintain the following conventions: K is a field complete with respect to a discrete valuation ord; O is the valuation ring of K; and F is its residue field. We assume that both O and F have characteristic p and begin with some necessary definitions.
Let E/K be an elliptic curve with ordinary reduction, and fix an invariant differential ω on E. We choose a minimal Weierstrass equation (2.1) so that ω = dx/(2y + a 1 x + a 3 ). Taking E/O for the formal completion of the Néron model of E along its zero-section, we then pick a uniformizing parameter z on E and let β = (ω/dz)(O). The multiplication-by-p map on E then has the form
The fraction field L of the power series ring O [[z] ] is naturally considered the field of rational functions on E, and it contains K(E) as a subfield. For an integer m, the m-th division polynomial with respect to ω is the function
as defined in [9] . Such division polynomials satisfy many recursion formulas and possess a rich structure. Notably, 
where f m is the m-th division polynomial with respect to ω.
4.
A formula for the sigma function 1) . An exercise in formal power series shows that inverting [p n ](z) with respect to composition yields
which when raised to the p n -th power results in a series in O [[z] ]. This series will converge for points in the formal group, which highlights the fact that the points in E are uniquely p-divisible since E has height 1.
Theorem 4.2. Let σ(z) be the power series given by the infinite product
σ(z) = βz n≥1 β p−1 α p n−1 α p−1 n z p−1 f p ([p n ] −1 (z)) p n−1 p n−1 .
The product converges in O[[z]] and the resulting series is the Mazur-Tate sigma function σ E,ω .
Proof. For convergence, it suffices to show that each factor in the square brackets above is a 1-unit in O[[z]], which follows from (4.1). A straightforward manipulation of the factors permits us to prove that σ(z) satisfies the identity in (3.3c) and thus represents the sigma function. See [12] for further details.
Canonical heights
We return to the notation given in Sections 1 and 2. For a global function field K/k, let E/K be an elliptic curve with ordinary reduction at all places of K which extend a chosen place v of k. In this section we construct a symmetric bilinear pairing
which will serve as a canonical height. Our interests will lie with investigating various properties of these heights as well with determining their non-degeneracy (see Sections 7 and 8). Although the constructions are similar, the resulting pairing will have a different meaning depending on whether the preferred place v is finite or infinite. The ∞-adic height plays the role of the Néron-Tate height (see Theorem 6.1) and the v-adic height (v finite) is the analogue of the analytic p-adic heights for elliptic curves over number fields, cf. [8, 10, 14] .
The techniques in this section are fairly standard, so we merely address the important points. Moreover, our construction is similar to that of [10] ; for more details the reader is directed to [12] . For each place v of k we fix a uniformizer π v in F v k, and we observe that the group
The values of our heights will be taken in the positive elements of C × v . We then fix a Weierstrass equation for E/K as in (2.1) and let ω = dx/(2y + a 1 x + a 3 ). For each place w of K, we let z w be a local uniformizing parameter for E/O w and
We set i(O) = 1. We observe that if v is finite then i(P ) is supported away from ∞. Furthermore, we find that for w v or ∞,
We then define a map ρ K v : 4) where N K k is the norm map on ideles and
. By combining (5.2) and (5.4), we define a height function by
which is a quadratic form and hence a "canonical height." We observe that the values of H v are independent of the choices of formal parameters and differentials made in (5.2) . Because the image is contained in a uniquely divisible subgroup of C × v , we can extend the definition to all of E(K). The following proposition summarizes the above discussion.
Proposition 5.5. Let K/k be a global function field and E/K an elliptic curve with ordinary reduction at all the places of K extending v. There is a unique quadratic form
Furthermore, the height behaves well under base-extension, and gives rise to a symmetric, bilinear pairing
Extension of the Néron-Tate height
In this section, we will prove the following theorem which shows that the ∞-adic height as defined in the previous section actually extends the Néron-Tate height in a natural way. Theorem 6.1. Let E/K be an elliptic curve with ordinary reduction at all the infinite places of K. Then for all P ,
Proof. Because the value of H ∞ is independent of a chosen Weierstrass equation, we are free to fix a Weierstrass equation which is minimal at all places of K extending ∞. Furthermore, it suffices that the theorem holds on E ∞ (K). Given the ways we have normalized our pairings, we need to show that deg( H ∞ (P )) = 2ĥ NT (P ). and thus the terms from (6.2) corresponding to the finite places exactly match those from (2.2). Finally we need to show for each w | ∞ that, before taking norms, we have ord w (σ E/Kw,ω (P ) 2 ) = λ w (P ), which follows from (3.3) and the ultrametric inequality.
Non-degeneracy of v-adic heights
A symmetric bilinear pairing of abelian groups E×E → G with G uniquely divisible is said to be non-degenerate if the kernel consists only of the torsion elements of E. Theorem 6.1 assures us that the ∞-adic height pairing is non-degenerate on E(K).
On the other hand, the values of the v-adic pairing (for v a finite place of k) are 1-units in C v , and so a priori we can say little about the non-degeneracy of these heights. In this section and the next we investigate conditions for the nondegeneracy of the pairing , v on E(K), and we find that, for E/k defined over the rational function field, non-degeneracy on E(K) can be proven in many general cases. Additionally, in the next section we show that the induced pairing
is also non-degenerate under these same hypotheses.
Remark 7.1. By contrast, for analytic p-adic height pairings for elliptic curves defined over number fields [8, 14] , it is a difficult problem to determine non-degeneracy (see [15] ), and it is not known in general when such pairings are non-degenerate.
For this section and the next we restrict ourselves to the following situation: E/k is an elliptic curve defined over the rational function field with ordinary reduction at both v and ∞. This reduction assumption is quite weak, since if E is not supersingular, then all but finitely many places will have ordinary reduction. We will further fix a Weierstrass equation (2.1) which is minimal at both v and ∞.
Let K/k be a global function field. If v (resp. ∞) ramifies in K, then we will also assume that E has good reduction at v (resp. ∞). This assumption ensures that our chosen equation is minimal at all places above v and ∞ in K.
For a point P ∈ E v (K) ∩ E ∞ (K) and a fixed positive integer N, V N : E (p N ) → E is the Verschiebung (the dual of the p N -th power Frobenius morphism), and we define
. For different places w and w (either both extending v or both extending ∞), the points Q w and Q w are related. Indeed, if we fix a separable closure k sep v so that k v ⊂ K w ⊂ k sep v , we see that the absolute value of w on K is obtained through an embedding τ : K → k sep v , which induces an embedding τ : K w → k sep v . For such an embedding τ , we then have τQ w (P ) = Q w (τP ).
We now introduce a hypothesis which will play a crucial role in the proof of Theorem 7.4, the main theorem of this section. In Section 8 we will investigate the generality in which this hypothesis holds.
Theorem 7.4. Let E/k be an elliptic curve with ordinary reduction at v and ∞. Let K/k be a global function field. If v (resp. ∞) is ramified in K, we will further assume that E has good reduction at v (resp. ∞). Let P ∈ E v (K) ∩ E ∞ (K). Suppose that for any N such that p N 2 [K : k]ĥ NT (P ), the point P satisfies Hypothesis 7.3. Then
We begin with a series of lemmas needed for the proof of Theorem 7.4. Our eventual method will be to compare the values of H v and H ∞ and to use the known non-triviality of H ∞ to prove that H v is also non-trivial. This first lemma exhibits one of the peculiarities of characteristic p, especially when compared to number fields. Its proof is fairly standard (see §8.2 of [5] ). 
We take ω = dx/(2y + a 1 x + a 3 ), α the Hasse invariant of E, and z = −x/y a fixed formal parameter for E. 
Proof. Using (4.2), we find
and then the result follows by induction on (3.2).
For an alternate interpretation of f p N ([p N ] −1 (z(P ))), we consider that, as a function of z, f p N (z) = g p N (z p N ) is a Laurent series in z p N . In fact, g p N ∈ k(E (p N ) ), and thus for Q w as in (7. 2),
N (z(P ))) = g p N (Q w ). F q [a 1 , a 2 , a 3 , a 4 , a 6 ][1/α], we note that R ⊂ O w for all w | v and w | ∞. By (7.6) we see that
where σ(z) is given by the product in (4.2).
By the construction of H ∞ we know that H ∞ (P ) [K:k] ∈ k × ∞ . The fact that p N does not divide 2 [K : k]ĥ NT (P ) combined with (6.1) then implies that
Letting v and ∞ denote the positive parts with respect to v and ∞, we then have
where H 0 (P ) is the product of all the local factors at the finite places. Furthermore, from the construction of H v we have that
where H 0 (P ) is the same in both equations. As we will only be interested in these quantities up to p N -th powers, it is important to note that, for all
where for some fixed place w | v the point Q w (τP ) ∈ V −1 N (τP ) is defined in (7.2) and (7.8) . Likewise, we can show
for some fixed place ∞ | ∞ and corresponding Q ∞ (τP ) ∈ V −1 N (τP ). By (7.9) we then have
Likewise, we have
For both of these two congruences, the right-hand sides are actually elements of k sep . Now by Hypothesis 7.3 the points Q w (τP ) and Q ∞ (τP ) are simultaneously Gal(k sep /k)-conjugates, and since H ∞ (P ) [K:k] is not a p N -th power, we conclude that H v (P ) [K:k] is also not a p N -th power by (7.5) . In particular,
H v (P ) [K:k] = 1, and the theorem follows.
Conditions for non-degeneracy
The main question of this section is the generality in which Hypothesis 7.3 holds for points in E v (K) ∩ E ∞ (K). As in the previous section, we restrict ourselves to elliptic curves E defined over the rational function field k with ordinary reduction at both v and ∞. We will assume that K/k is Galois. We let T p (E) = lim ← − ker V n be the p-adic Tate module. Since E is ordinary, we have T p (E) ∼ = Z p as groups. Our main result and an immediate corollary are as follows.
Theorem 8.1. Let E/k be an elliptic curve with ordinary reduction at v and ∞. Let K/k be a finite Galois extension. If K is ramified at v (resp. ∞), then we further assume that E has good reduction at v (resp. ∞). Finally, we assume that Gal(K sep /K) → Aut(T p (E)) is surjective and that for all places w extending v and ∞ the F w -rational p-torsion on the reduction at w is trivial. Then 
The hypotheses in the above theorems are fairly weak, and thus the results hold in some generality. For example, the surjection of the Galois representation is akin to the classical result that an integer is a primitive root modulo p n , n ≥ 2, if and only if it is a primitive root modulo p 2 . Similarly, it is easy to show that Gal(K sep /K) → Aut(T p (E)) is surjective if and only if it surjects onto Aut(ker V 2 ).
Let M ⊂ E(K) be a free abelian group and consider the tower of field extensions
The following proposition is a Verschiebung analogue of Bashmakov's Theorem [1, 2] , and it uses a Verschiebung descent to show that under certain conditions the image of (8.3) is as large as possible. Since the Verschiebung is separable, such descents behave much like prime-to-p descents, as opposed to the more delicate full p-descent in characteristic p (see [4, 17, 18] ). Moreover, the proof is virtually identical to the one found in §V.5 of [7] , or see [12] for further details. 
, ker V N .
Proof of Theorem 8.1. It suffices to prove the theorem for points P , 
where V N,k is the kernel of the Verschiebung E (p N ) → E (p k ) .
By expressing each τP as a linear combination of the R i , we need to show that there is a γ ∈ Gal(k sep /k) so that
First, if M ∩ V (E (p) (K)) = pM, we apply (8.4b). Then there is an element γ ∈ Gal(k sep /K N ) accomodating Hypothesis 7.3, which we lift back to Gal(k sep /k).
Second, if M ∩ V N (E (p N ) (K)) = M, then for each i we set Q(R i ) to be the unique
assumption, these two sets meet at only one point. Using the assumptions on the p-torsion on the reductions, we have that Q(
Finally, in the general case we proceed by combining the above two arguments. For each i, k i is a largest integer k for which R i ∈ V k (E (p k ) (K)). As in the preceding paragraph we have V N,k i (Q w (R i )) = V N,k i (Q ∞ (R i )). Thus from (8.5) we find that there is then an automorphism γ ∈ Gal(k sep /k) which satisfies (8.6) .
For (b), the proof is much the same as in part (a). By taking N so that p N 2 [K : k] P, Q NT , an argument similar to the proof of (7.4) shows that we need to have P and Q satisfy Hypothesis 7.3 simultaneously. That is, we require that there exist γ ∈ Gal(k sep /k) so that γQ w (τP ) = Q ∞ (τP ) and γQ w (τQ) = Q ∞ (τQ) for all τ : K → k sep . This is achieved by applying the arguments of part (a) to M = ZτP + ZτQ.
Remark 8.7.
It should be noted that in (7.4) and (8.1) we have actually proven more than non-triviality. We have shown, under the hypotheses of these theorems, that for P , Q ∈ E v (K) ∩ E ∞ (K), if p N 2 [K : k] P, Q NT , then
As pointed out by the referees, the non-degeneracy statement in (8.2) is not strong enough for most conceivable applications. Certainly, what would be better is a statement about the non-triviality of a determinant for the pairing, a difficult question to formulate since the values are taken in the multiplicative group of C v . However, we prove the following corollary, which shows that, under the hypotheses of (8.1), the pairing , v is non-degenerate on E(K) ⊗ Z p . This can be used to show the nonexistence of universal norms coming from a certain pro-p-extension of K (see [11, 12] ). 
Proof. Because the determinant of the Néron-Tate height is non-zero, we know , NT is non-degenerate on E(K) ⊗ Z p . Thus we suppose P, Q NT = 0 for some P , Q ∈ E(K) ⊗ Z p . By taking suitable multiples of P and Q we can assume that both are in (E v (K) ∩ E ∞ (K)) ⊗ Z p , and then p N 2 [K : k] P, Q NT for all N large enough. We write P = P 1 + p N P 2 and Q = Q 1 + p N Q 2 , where P 1 , Q 1 ∈ E v (K) ∩ E ∞ (K). Then p N 2 [K : k] P 1 , Q 1 NT , and by (8.7), we have that P 1 , Q 1
v , and we are done.
An example
The Mazur-Tate sigma function is effectively computable using (4.2). It is thus possible to compute values of H v for a given elliptic curve and rational point. For example, suppose E/k is defined over the rational function field and has ordinary reduction at a finite place v. Then on a Weierstrass equation minimal at all finite places, the height of a point P ∈ E v (k) is given by
where den(x(P )) is the denominator of the x-coordinate of P . Thus the v-adic height of P can be obtained by computing values of σ E/kv,ω . Consider the elliptic curve E/F 3 (t) given by the equation
